In this study, numerical simulations using Euler equations with detailed chemistry are performed to investigate the effect of fuel-air composition inhomogeneity on the oblique detonation wave (ODW) initiation in hydrogen-air mixtures. This study aims for a better understanding of oblique detonation wave engine performance under practical operating conditions, among those is the inhomogeneous mixing of fuel and air giving rise to a variation of the equivalence ratio (ER) in the incoming combustible flow. This work focuses primarily on how a variable equivalence ratio in the inflow mixture affects both the formation and characteristic parameters of the oblique detonation wave. In this regard, the present simulation imposes initially a lateral linear distribution of the mixture equivalence ratio within the initiation region. The variation is either from fuel-lean or fuel-rich to the uniform stoichiometric mixture condition above the oblique shock wave. The obtained numerical results illustrate that the reaction surface is distorted in the cases of low mixture equivalence ratio. The so-called "V-shaped" flame is observed but differed from previous results that it is not coupled with any compression or shock wave. Analyzing the temperature and species density evolution also shows that the fuel-lean and fuel-rich inhomogeneity have different effects on the combustion features in the initiation region behind the oblique shock wave. Two characteristic quantities, namely the initiation length and the ODW surface position, are defined to describe quantitatively the effects of mixture equivalence ratio inhomogeneity. The results show that the initiation length is mainly determined by the mixture equivalence ratio in the initiation region. Additional computations are performed by reversing ER distribution, i.e., with the linear variation above the initiation region of uniform stoichiometric condition and results also demonstrate that the ODW position is effectively determined by the ER variation before the ODW, which has in turn only negligible effect on the initiation length.
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Introduction
The development of air-breathing hypersonic aircrafts has attracted increasing attention in recent years. The oblique detonation wave (ODW) concept used in detonation-based engines [1] and Ram Accelerators [2] has long been considered as a viable option for achieving the required high efficient propulsion. This kind of aerospace propulsion system inherits the advantages of the Scramjet (Supersonic combustion ramjet), and furthermore achieves the high thermal cycle efficiency through the detonative combustion [3, 4] . However, it remains challenging experimentally to initiate and subsequently stabilize steady oblique detonations in a high-gration waves, and the oblique detonation surface all united at a multi-wave point, other types of initiation structure were also revealed from more recent numerical studies. These include the smooth transition from a curved oblique shock to ODW [10] [11] [12] and several more complex ODW formation of different wave configurations, for example, with the induction region observed to be ended by an internal Chapman-Jouguet (CJ) detonation wave for low inflow Mach number condition rather than a set of deflagration waves in the classical ODW structure [13] [14] [15] [16] [17] .
Besides the complex formation structures, recent high resolution numerical simulations have also demonstrated clearly the inherent instability of the ODW. The fine scale, instability features on the oblique detonation surfaces with sets of transverse waves are typical of an unstable frontal structure of normal cellular detonations [18] [19] [20] [21] [22] . Furthermore, multi-mode detonation engines which combine the potential advantage of both ODW and the pulsed normal detonation [23, 24] are proposed, and the ODW induced by a confined wedge is also analyzed numerically and theoretically [25, 26] .
For the application of oblique detonations for propulsion, their flow structures and locations need to be predicted to facilitate the engineering design and to control the engine performance. However, in practical situations the incoming reactive flow will unavoidably consist of various types of flow inhomogeneity. Hence, it is crucial to understand the oblique detonation structures with inflow perturbations [27] [28] [29] . In normal detonations, the initiation features and their correlation with other dynamic parameters such as cell width have been studied widely [30] [31] [32] [33] , but only few equivalent studies are performed on the ODW formation especially including inflow disturbance such as non-uniformity in the mixture equivalence ratio denoted in this paper by "ER". Sislian et al. [34] described the effects of incomplete fuel/air mixing on two types of ramjets performance characteristics by assuming a Gaussian distribution of equivalence ratio in the combustible mixture flow, and the deflagration distortion is observed clearly. Zhang et al. [35] studied the formation of ODW with various ER and found that the initiation length as function of ER displays a classical "V-shaped" curve, similar to the relation between detonation cell size and initiation energy [36] . Iwata et al. [37] simulated the shock-induced combustion from a supersonic spherical projectile, illustrating several shock-flame configurations induced by inflow ER inhomogeneity. They also performed simulations on wedge-stabilized oblique detonations [38] with different Gaussian ER distributions, demonstrating that the near-wedge deflagration fronts are distorted into the complicated surface, generating the so-called "V-shaped" deflagration front and "V+Y" Mach stem.
Based on the previous studies on how the ER inhomogeneity influences ODW structures [35, 37] , the emphasis of this work is on how such inhomogeneity in the initiation region changes the characteristic parameters, such as the initiation length and ODW position, under practical operating conditions of ODW engines. Our previous study [39] demonstrates that considering the high flight altitude of ODW engines, the transition from OSW (oblique shock wave) to ODW is achieved by a curved shock, different from the abrupt transition structure studied widely [9] . This numerical study was performed using an ideal incoming well-premixed, combustible mixture with uniform ER. As part of our continuous effort to study the fundamental problem of ODW formation under practical flight conditions, the present numerical investigation addresses the effects of inflow ER inhomogeneity with similar flight characteristics. First, three cases with uniform ER values are simulated and a numerical mesh resolution study is performed. A lateral linear distribution of the mixture equivalence ratio within the initiation region is then introduced in the simulation and adjusted in several test cases, generating a variable fuel-lean or fuel-rich mixture in the initiation region before the oblique shock wave. Analysis is performed on the simulation results by defining two characteristic length scales, namely, the initiation length and the ODW surface position, to assess the effects of ER inhomogeneity.
Physical and numerical models
A simple schematic of the oblique detonation wave induced by a semi-finite wedge from an inflowing combustible gas mixture is shown in Fig. 1 . A supersonic combustible gas mixture with an incident Mach number M o reflects on the two-dimensional wedge and generates first an OSW. The OSW will trigger combustion depending on M o and incoming flow pressure and temperature (i.e., enthalpy), and under appropriate conditions will initiate the oblique detonation formation. Previous results [40] showed that the viscosity and boundary layer have little effects on this structure except changing the boundary layer thickness slightly, so most of the successive results use the inviscid calculation, e.g. [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] . Following this assumption, the governing equations are simplified as two-dimensional multi-species Euler equations and can be written as follows:
where:
In the above equations ρ i (i = 1 . . . n) is the i-th species density and the total density is ρ = n i=1 ρ i . u and v are the velocity in the x-and y-direction. Total specific energy e is calculated as
where the specific enthalpy can be written
and the species specific enthalpy h i can be obtained from the 9-coefficient NASA polynomial representation [41] . Equation of state is
where R i is the i-th species gas constant and T is the gas temperature. ω i is the species specific mass production rate, which is determined from the chemical reaction model. Governing equations are solved numerically on adaptive unstructured quadrilateral grids [42] with the MUSCL-Hancock scheme [43] , which achieves a second-order accuracy in space and time by re-constructing the Riemann problem solved using the HLLC approximate Riemann solver on the intercell boundary. A hydrogen-air chemical reaction mode which includes 11 species (H 2 , O 2 , O, H, OH, HO 2 , H 2 O 2 , H 2 O, N 2 , N, NO) and 23 chemical reactions, is selected from the widely used CHEMKIN package [44] . The DVODE package [45] is used to solve the stiff system of equations generated by the chemical kinetics. The slip wall reflecting boundary condition is used on the wedge surface, and the other boundaries are interpolated under the assumption of the zero firstorder derivatives of all flow parameters.
This numerical methodology has been used previously to investigate the ODW with homogeneous inflow [35, 39] , i.e., fixed ER. In this study, the inflow ER inhomogeneity is introduced by assuming a lateral linear distribution. It is noted that to mimic the ER variation in realistic scenarios, previous studies [27, 28, 34, 38] generally use either Gaussian or sinusoidal distributions, covering the whole inflow regime of the computational domain. To isolate its effect on the initiation and further simplify the analysis, this study considers only the inhomogeneity before the OSW, which can be viewed as the initiation region. In this way the effect of ER inhomogeneity on the ODW surface is eliminated, facilitating the quantitative analysis of the inhomogeneous fuel-air mixture on the initiation process. In addition, the lateral ER variation in the incoming flow within the initiation region is assumed to be linear for an ease of analysis. This represents the simplest scenario to exclude the ER nonlinearity effects although the Gaussian distribution is usually more representative of a realistic situation [27, 28, 38] . A representation of the inflow ER inhomogeneity is also displayed in Fig. 1 . The portion with fixed ER before the ODW is set to be stoichiometry without specific description, i.e., H 2 :O 2 :N 2 = 2:1:3.76. In the variable ER region, mainly before the OSW, the pressure and temperature are the same for all cases, and ER is adjusted by changing at the bottom of left boundary the ratio of H 2 , e.g., H 2 :O 2 :N 2 = 4:1:3.76 corresponding to ER b = 2.0 and H 2 :O 2 :N 2 = 0:1:3.76 for ER b = 0.0 with inert gases only without any H 2 fuel at the wedge tip. The upper boundary value in the variable ER region is the same as the fixed ER, with default value 1.0, so the bifurcation parameter is the lower boundary ER b of various test cases, varying from 0.0 to 2.0 in this study (where the subscript "b" stands for the value at the bottom boundary at the wedge tip). After prescribing the lower boundary ER b , the linear interpolation gives the ER distribution as a function of the lateral position to model the inflow ER inhomogeneity. In short, using this simplest variational form for the fuel-air composition allows the present study to vary one single parameter ER b to investigate different degree of ER variation of the inflow combustible mixture and focus primarily on how the key characteristic features (lengths) responds to such non-uniformity.
Results and discussion

Basic ODW structure and resolution study
The model of ODW engines proposed by Dudebout et al. [46] and used in the later research [47, 48] assumes that an inflow is compressed twice by weak oblique shock waves before the detonation initiation chamber. This study follows this model and assumes the flight conditions with an altitude of 25 km, aircraft flight Mach number M flight = 10 and the deflection angle θ = 12.5 • . The latter refers to the inflow turning angle induced by the fore body compression, which is used in the following initial condition calcula- First, three cases with fixed ER are simulated with the grid size of 0.025 mm, and results are shown in Fig. 2 . The black line in Fig. 2 denotes the end of the induction zone, corresponding to the temperature of 2200 K in this study. For the same combustible mixture with ER = 1.0, the steady Zel'dovich-von Neumann-Döring (ZND) structure of the corresponding CJ detonation can be computed using the CHEMKIN package [44] . This temperature 2200 K corresponds to the end of the ZND induction zone, i.e., the inflection point of the temperature profile of CJ detonation, and it is chosen to identify the reaction surface in this study. It should be noted that oblique detonations are overdriven with different overdriven degrees and hence, this definition only provides a rough representation of the reaction surface. Nevertheless, it gives a quantitative idea on the reactive flow characteristics. Numerical results show that the formation of ODW is developed from the OSW, and both smooth and abrupt transition can be observed, similar to previous studies. Furthermore, the case of ER = 1.0 has the smallest induction zone length. In other words, the induction zone length increases either by increasing or decreasing the overall mixture ER. This agrees with the previous study [35] and the effect is attributed to the increase in ignition delay time when the global mixture ER deviates away from stoichiometric condition ER = 1.0.
To verify the convergence of the numerical results, Fig. 3 compares the pressure fields of two cases with different grid resolutions. In each frame of Fig. 3 , the upper portion shows simulation results with the grid of 0.0250 mm, and the lower portion shows the results with half the original chosen grid size (i.e., 0.0125 mm). In both cases, the difference in the overall wave structure is almost negligible, except the slight discrepancy of contour positions in the combustion product. For better illustration, the corresponding temperature and OH density plots of the two ER cases along the wedge are also given in Fig. 4 showing again good agreement between the results from the two grid resolutions. Therefore, a resolution of 0.025 mm is considered sufficient to study the present problem and is selected as the finest grid size. For reference, using the grid size of 0.025 mm yields 10-20 grid points per half-reaction zone length along the streamline behind the ODW. The same or less effective grid resolution was also used in recent studies [35, 39] which also show that both the structure and instability of oblique detonation surfaces can be correctly captured with this resolution.
Effect of equivalence ratio on the ODW formation structure
With the fuel-lean inflow before the OSW, the flow fields displayed by pressure contours and temperature contour (black) line of 2200 K are shown in Fig. 5 . The ODW initiation is achieved by the smooth transition from the curved OSW, like the cases of fixed ER = 0.5 and 1.0 shown in Fig. 2 . With the lowest ER b = 0.1, the temperature on the wedge will not attain 2200 K, so the front tip of the reaction surface locates above the wedge. By increasing the ER b to 0.2 or 0.3, a portion of the reaction surface remains above the wedge, but the position of the reaction front tip starts to move gradually upstream. With ER b = 0.4, the front tip moves upstream further and locates on the wedge. Because the equivalence ratio of the combustible mixture flowing into the oblique detonation surface is fixed to 1.0, the ODW wave angles remain therefore the same in all cases. Compared with the homogeneous case with uniform ER = 1 throughout the lateral direction shown in Fig. 2b , these structures display the complicated reaction surface in the initiation region, mainly denoted by the temperature contour. Due to the lack of fuel, the heat release near the wedge is delayed, generating the distorted reaction surface. This is similar to the recent study by Iwata et al. [38] which elucidates the distorted deflagration featured by a convex "V-shaped" flame toward upstream.
To clarify the features of ODW with inflow ER inhomogeneity, the extreme case of ER b = 0.0, i.e., H 2 :O 2 :N 2 = 0:1:3.76 on the wedge, is simulated and shown in Fig. 6 . It can be observed that the density is high but temperature is low near the wedge, as illustrated in Fig. 6a and 6b . The low temperature derives from the lack of combustible fuel and in conjunction with the near uniform pressure in the combustion products (Fig. 5) , result in high mixture density. Furthermore, the mixture density near the wedge is mainly the gas species of N 2 and O 2 with less H 2 (see Fig. 6c ).
The species OH density demonstrates that the reaction is intense behind the ODW but weak near the wedge due to the absence of OH. Generally this structure is influenced by the inflow ER inhomogeneity, showing some special features different from those in the well-premixed uniform inflow. However, with the parameters simulating the ODW engines in high flight conditions in this study, very irregular deflagration waves coupled with compression or shock waves [38] are not observed, demonstrating effects of inflow ER inhomogeneity are not pronounced in the practical scenario considered in this study.
Further cases with a wider ER b variation are shown in Fig. 7 . It can be observed that the leading front tip of the reaction surface moves downstream when ER increasing from 0.8 to 2.0. At the same time, the OSW and ODW angles increase, and the transition type changes from the smooth one to the abrupt one. The minimum induction zone length appears for an ER b of 0.8, which is the same as that in the study of the homogeneous inflow [35] . The increase of ODW angles when ER b increases stems from the change of the inflow Mach number. By keeping the inflow velocity the same, the corresponding Mach number M o actually decreases when ER increases due to a higher amount of hydrogen present in the mixture. It deserves to be mentioned that the distorted "V-shaped" flame is not observed in the fuel-rich cases. Theoretically, by further increasing ER b , the fuel rich inflow near the wedge could induce a similar wave configuration as for the fuel-lean inflow. Nevertheless, the extremely high ER b cases, such as ER above 4.0, were not of practical interest in this study.
To describe the chemistry in the initiation region with the composition inhomogeneity, the temperature and species density on the wedge for the cases from ER b 0.4 to 1.6 are plotted in Fig. 8 . The post-oblique shock temperature, denoted by the plateau in degree of chemical activity causes the temperature curve to rise slowly, and the final temperature in the combustion products is lower than in other cases. When ER b is increased to 0.8, the product temperature rises and the OH density is the highest of all the cases. For further increase in ER b , the product temperature curves almost overlap with each other, while the OH density decreases, indicating less heat release. It is interesting to compare the results of the ER 0.4 and 1.6 cases. The OH density curves in the product are close to each other, but the temperature curves deviate, demonstrating the fuel lean and fuel rich inhomogeneity has different combustion features.
Discussion on quantitative features
For a quantitative assessment of the effect of ER inhomogeneity on the ODW formation, the initiation lengths and ODW surface positions along y = 20 are shown in Fig. 9 and Fig. 10 , respectively.
The initiation length is defined as the distance in the x-direction between the front of the wedge and the upstream tip of the reaction surfaces as indicated by the 2200 K temperature contour line. As shown in Fig. 9 , the initiation length decreases when ER b is increased from 0.0 until 0.8. In the cases with ER b 0.0 to 0.3, the length decreases almost linearly; but such decrease becomes modest in the cases with ER b 0.4 to 0.8. Reversely, a modest increase The ODW position is another key quantitative parameter for the engine design, but still lacks a universal definition and discussion. Although it is strongly coupled with the initiation length, the ODW position provides another quantity for the engine designer to control and assess if an ODW can be established within the physical constraints. In this study, we define it by the ODW surface position along the line y = 20, and the results are shown in Fig. 10 . Compared with the initiation length, the ODW position is not significantly influenced by the inflow ER inhomogeneity. By increasing ER b from 0.0, the ODW position moves upstream slowly at first, but soon becomes insensitive to the ER b variation above ER b = 0.8. The ODW surface position dependence on the ER can be interpreted by analyzing the flow fields. When ER b is increased above 0.8, the initiation length increases while the oblique detonation angle is found to decrease. The former moves the surface position downstream while the later tends to adjust the surface position upstream. These two competing results thus makes the ODW position insensitive to the ER b variation as shown in Fig. 10 .
To further investigate the effects of inflow ER inhomogeneity on the ODW formation, additional computations are performed with Fig. 12 . Generally the initiation length is almost independent on ER u and hence the upper ER variation, but the ODW surface position is sensitive and decreases when ER u increases. Compared with the results given in Figs. 9 and 10, the initiation length is mainly determined by ER b before the OSW, but the ODW position is significantly influenced by the ER u before the ODW with changes in the oblique detonation angle.
Concluding remarks
Numerical simulations of oblique detonation wave initiation in hydrogen-air mixtures are performed to investigate the effect of inflow mixture ER inhomogeneity typically resulted from different degree of fuel-air mixing in practical ODW engines. The inflow ER inhomogeneity is introduced by assuming a lateral linear ER distribution before the OSW and the ER b at the lower boundary is used as the modeling parameter and to control the steepness of the ER variation in the initiation region. Numerical results demonstrate that the reaction surface is distorted in the cases of low ER b , resulting into the so-called "V-shape" deflagration. However, with the practical initial condition and flow parameters considered in this study, effects of the inflow ER inhomogeneity is weakened and the very irregular deflagration waves, coupled with compression or shock waves, do not appear. The temperature and species density with ER b = 0.4 to 1.6 also demonstrate that the fuel-lean and fuel-rich inhomogeneity have different effects on the combustion features.
Different from previous works in the literature, this study takes on a simplified ER inhomogeneity, i.e., a linear variation rather than the generally used Gaussian distribution. It deserves to mention that the linear distribution is only an ideal consideration, not as realistic as the Gaussian distribution. However, it eliminates the nonlinear effects of Gaussian distribution, benefiting to the quantitative analysis and comparison. To assess the effect of ER inhomogeneity, two characteristic length scales, namely, the initiation length and the ODW surface position, are defined and discussed. When ER b increases, the initiation length curve has three trends, i.e., rapid decrease, modest decrease and modest increase. Nevertheless, the ODW surface position defined here is insensitive to the ER variation, different from the initiation length. By perform-ing further computations using the reversed ER distribution, their dependence on the ER inhomogeneity is discussed, demonstrating the initiation length is mainly determined by the ER of the lower portion of the incoming flow before the oblique shock, while the ODW position is significantly affected by the upper ER variation before the ODW surface.
The effects of ER inhomogeneity have been investigated and the distorted wave structures, such as the V-shaped deflagration, are discussed in previous studies [34, 38] . The structures observed in this study are different slightly from those previous ones, primarily due to the different inhomogeneity settings. The choice of linear ER inhomogeneity before the OSW represents actually the simplest situation, which may still be far from the realistic operating conditions of practical ODW engines. However, this ideal study reveals how the inhomogeneity of the initiation region influences the wave structure and characteristic parameters, and builds up the connection between the structures in homogeneous and inhomogeneity mixtures. This can be viewed as the preliminary step towards a more quantitative and realistic study. Finally the collective effects of various inhomogeneity distributions need to be synthesized as the basis of application, and further study on the effects of inhomogeneity before the ODW surface is necessary.
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